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1. INTRODUCTION 
Following the introduction of fuzzy sets by Zadeh in his classical paper [l], 
much research has been carried out in the areas of general theories as well as 
applications. 
This paper follows the development of the theory of Fuzzy topological 
spaces as introduced in [2] and discusses various covering properties of these 
spaces, viz, finite subcovers of an open cover (compactness), finite subcovers 
of a countable open cover (countable compactness), and countable subcovers 
of an open cover (Lindekf). In addition to proving results analogous to those 
in general topology, we also try to characterize and interpret these properties 
by membership functions and their level sets [l]. 
The usual concept of compactness includes the following four types: 
compactness, countable compactness, sequential compactness, and semi- 
compactness. A topological space is sequentially compact iff every sequence 
has a limit; it is semicompact iff every sequence has a cluster point. These 
spaces possess many pleasant properties and have been studied extensively. 
Unfortunately, their parallels in the theory of fuzzy topological spaces are 
less useful as we shall see in the last section. 
The purpose of this paper is threefold: (i) to contribute to the development 
of fuzzy topological spaces as introduced in [2], (ii) to characterize and inter- 
pret some properties by concepts peculiar to fuzzy sets only and (iii) to 
manifest some departures between general topology and fuzzy topology. 
2. PRELIMINARIES 
Let X = {x} be a space of points. A fuzzy set A in X is characterized by a 
membership function ~Jx) from X to [0, I]. 
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DEFINITION 2.1. Let A and B be fuzzy sets in X. Then 
A = B -3 PAW = PB(4 for all x E X, 
A C B - PA(X) G I-LB(X) for all x E X, 
C = A u B - PC(X) = ~di4$ dx)] for all x E X, 
D = A n B - CL&) = mi444, ~~(41 for all x E X, 
E = A’ o/v+(x) = 1 - /L/,(X) for all x E X. 
More generally, for a family of fuzzy sets, yc4 = {Ai 1 i EI}, the union 
C = u1 A, , and the intersection, D = n, Ai , are defined by 
PC(X) = s~Pk4*(x)), XEX, 
dx) = iyf{v&4), x E x. 
The symbol @ will be used to denote an empty fuzzy set (p*(x) = 0 for all 
x in X). For X, we have by definition pr(x) = 1 for all x in X. 
DEFINITION 2.2. A fuzzy topology is a family 7 of fuzzy sets in X which 
satisfies the following conditions: 
(a) @, XE9, 
(b) IfA,BEy,thenAnBEy. 
(c) If Ai E 9- for each i E 1, then VI Ai E F. 
y is called a fuzzy topology for X, and the pair (X, 9) is a fuzzy topological 
space, or fts for short. Every member of 9 is called a y-open fuzzy set 
(or simply open fuzzy set). 
DEFINITION 2.3. Letfbe a function from X to Y. Let B be a fuzzy set in 
Y with membership function &y). Then the inverse of B, written as f-‘[B], 
is a fuzzy set in X whose membership function is defined by 
Pf-qB](x) = PAfW for all x in X. 
Conversely, let A be a fuzzy set in X with membership function l~;p(x). The 
image of A, written asf[A], is a fuzzy set in Y whose membership function 
is given by 
/%41(Y) = z~~gk4(43 if f-‘[y] is not empty, 
zzz 0 otherwise, 
for ally in Y, wheref-r[y] = {x /f(x) = yJ. 
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DEFINITION 2.4. A function f from a fts (X, S) to a fts (Y, %) is F-con- 
tinuous iff the inverse of each @-open fuzzy set is r-open. 
A fuzzy homeomorphism is an F-continuous one-to-one map of a fts X 
onto a fts Y such that the inverse of the map is also F-continuous. If there 
exists a fuzzy homeomorphism of one fuzzy space onto another, the two 
fuzzy spaces are said to be F-homeomorphic and each is a fuzzy homeomorph 
of the other. Two fts’s are topologically F-equivalent iff they are F-homeo- 
morphic. 
3. COVERING PROPERTIES 
DEFINITION 3.1. Let (X, y) be a fts. A family ~2 of fuzzy sets is a cover 
of a fuzzy set B iff B C U {A 1 A E&}. It is an open cover iff each member 
of .cJ is an open fuzzy set. A subcover of & is a subfamily which is also a 
cover. 
DEFINITION 3.2. A fts is compact iff each open cover of the space has a 
finite subcover. 
DEFINITION 3.3. A fts is countably compact iff every countable open cover 
of the space has a finite subcover. 
DEFINITION 3.4. A fts (X, .9-) is said to be C,, , if there exists a countable 
subfamily g of 9 such that each member of r can be expressed as the union 
of some members of 99. 
THEOREM 3.1. If a fts (X, 7) is C,, , then compactness and countable 
compactness are equivalent. 
Proof. (3) For any fts (X, y), compactness implies countable com- 
pactness. 
(s=) Let ~2 = {Ai}, i E I be any open cover of X. For each Ai E ,QI, 
Ai is the union of members in .99 = {B,}, n = 1,2 ,..., say, 
Ai = (j Bi, , 
k=l 
where i, may be infinity. at, = {Bik}, i E I, 1 < k < i,, , form a countable 
open cover of X. By assumption, there exists a finite subcover B1 CaO . 
Since each member of & is contained in a member Ai , these Ai’s form a 
finite subfamily of .d and is a cover of X. 
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THEOREM 3.2. Let f be an F-continuous function from a compact (countably 
compact) fts X onto a fts Y. Then Y is compact (countably compact). 
Proof. Let a be an open cover (countable open cover) of Y. Then, since 
for all x E X, the family of all fuzzy sets of the form f -l[B], B E@‘, is an open 
cover of X which has a finite subcover. But f onto implies that f [ f -l[B]] = B, 
hence the family of images of members of the subcover is a finite subfamily 
of 99 which covers Y. Consequently Y is compact (countably compact). Next, 
we shall give a characterization of compactness and countable compactness 
peculiar to fuzzy topological spaces. 
Given a cover JJ? = (Ai}, i EI, it means that SU~~~,{~~~(X)} = 1 for all 
x E X. Therefore, for any 0 < E < 1, and for any x E X, there exists a fuzzy 
set Ai such that pa,(x) 3 1 - E. At each point x E X, select one such A, 
and group together ai1 points x with the same Ai . Let r,,, denote the set of all 
such x’s. For a fixed 6, (ri,J form a partition of X, called an c-partition by &‘. 
Note that the partition depends on the initial choice of Ai’s. 
If in addition, for any x E X, there exists A, such that pAi = 1, then 
group all points x with the same Ai and denote it (ri,O}. .& is then said to have 
a O-partition of X. 
We have the following characterization theorem. 
THEOREM 3.3. A fts (X, r) is compact (countably compact) ;sf each open 
cover (countable open cover) has a Jinite O-partition of X. 
Proof. ( a) Let &’ = {A<}, i E I be an open cover (countable open cover) 
of X. By assumption, it has a finite subcover d0 = {A,}, h = l,..., n. Since 
max(hl(x),..., Gus) = 1 for all x E X, one can construct a O-partition by 
d0 , which is finite because J& is a finite family. ,Ce, is a subfamily of z!, thus a 
O-partition by &a is also a O-partition by &. 
(t) Suppose that & has a finite O-partition {rti,a}, k = 1, 2,..., n. Let A, 
be the fuzzy set defining r,,, . Clearly, {A,}, k = 1, 2,..., n is a finite subcover 
of &. 
A consequence of Theorem 3.3 is the following test. 
COROLLARY 3.1. If there exists an open cover (countable open cover) zz? of 
X and a point x E X such that pLai(x) < 1 for all Ai E ~2, then (X, 9) is not 
compact (countably compact). 
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DEFINITION 3.5. A fts (X, Y) is Lindelijf iff every open cover of X has a 
countable subcover. 
THEOREM 3.4. If a fts (X, ?) is C,, , it is also L&de&f. 
Proof. Let JZ? = (Ai), i E I, be an open cover of X. Each Ai is the union 
of members of a countable subfamily g = {B,}, n = 1, 2,..., of Y, say, 
Ai = ij Bi, , 
k=l 
where i0 may be infinity. go = {B,,}, i E I, 1 < k < i,, , form an open cover 
of X. go is countable since it is a subfamily of 9. By construction, each 
member of a,, is contained in one A, . These Ai’s form a countable subcover 
of &. 
Using the same argument as before, we have the following. 
THEOREM 3.5. Let f be an F-continuous function from a Lindeltif fts X onto a 
fts Y. Then Y is Lindelif, 
THEOREM 3.6. A fts (X, 5) is Lindeliiy a2 each open cover has a countable 
E-partition of X for all l such that 0 < E < 1. 
Proof. (3) Let & be an open cover. Then ~2 has a countable subcover 
do = {A,}, k = 1, 2 ,.... For each 0 < E < 1, one can construct an e-partition 
of X by s(e, . Such a partition is clearly countable since G$ is countable. An 
e-partition of X by JZZ~ is also an c-partition by ~2 since do is a subfamily of ZZZ. 
(e) Let JZZ be an open cover. For each 0 < E < 1, let (P,,,}, i EI(E) 
be a countable e-partition of X by JZZ. Let r,,, be defined by the member 
Ai,E of .eZ. Let E = l/n, n = 2, 3 ,.... Then the family of fuzzy sets {Ai,,}, 
iEI(c); E = l/q n = 2, 3,... forms a countable subcover of &. 
4. EXAMPLES 
In this section, two simple examples of fuzzy topological space are 
presented to illustrate the various concepts. 
I. Semicontinuous Fuzzy Topology 
We shall assume that X has an (ordinary) topology 9. Let ZZZ’ be a fuzzy set 
in X. Let r,,, = {x 1 ~~(3) > 01, OT E [0, I)}. Therefore I’,, a is an (ordinary) 
subset of X. Consider the family 9 of fuzzy sets A in X such that for every 
01 E [O, 11, r/4,, is open in the topology 9. 
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(X, Y) is a fts. Indeed, @, X E 7’. Also, if A, B E F, then C =-= A n B 
is also a member of r since pLc(x) = min(p.,(x), pB(x)) implies that 
rc,a = l-A*, n r,,, for each OL E [0, 1). 
Similarly, for a family of fuzzy sets {A,}, i E I, 
since sup((~~~(x)) > (II implies that there exists at least one Ai such that 
Lb&) > OL* 
Note that all fuzzy sets in X with continuous membership functions are 
open. 
Let B, be a fuzzy set with continuous membership function pB, such that 
ELB,(Y) = 1 fory = x, 
tl otherwise. 
Therefore the family {B,}, x E X forms an open cover of (X, 9). Clearly, 
it contains no finite subcover if X is not a finite set, hence (X, F) is not 
compact. 
Let {V,}, n = 1, 2 ,..., be a countable family of disjoint subsets in X such 
that their union is X. Consider the family of fuzzy sets {B,}, n = 1, 2,..., 
with continuous membership functions such that 
PB,(Y) = 1 foryE V,, 
<I otherwise. 
Clearly, {B,}, n = 1, 2 ,..., is a countable open cover of (X, 9). If all V%‘s 
are nonempty, then {B,) has no finite subcover. Hence (X, Y) is not countably 
compact. 
II. Semidiscrete Fuzzy Topology 
Let X = (x} be a space of points. Let a! < 1 be given. In the family of all 
fuzzy sets defined on X, consider the following subfamily FE = {AB}, 
where /I E [0, a] or /3 = 1, and A, is the fuzzy set with membership function 
pALAg = /I for all x E X. Clearly (X, 9J is a fts. In fact, it is trivially compact, 
countably compact and Lindelijf since the only open cover of X is X itself. 
Let W be the set of rational numbers in the interval [0, ~1. Consider the 
subfamily D = {A,}, B E 9 or B = 1, of YU . Then each member of ra can 
be expressed as the union of members of 3Y. Consequently, (X, YJ is C,, . 
Finally, we note that two semidiscrete fts (X, YU), (X, FE,) are F-equiva- 
lent iff 01 = (Y’. 
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Proof. (c) trivial. 
(a) Let f be a function from (X, 9’J onto (X, Y=,) and 01 < a’. Then 
the inverse of the open fuzzy set A,* will be a fuzzy set in (X, YE) with the 
following membership function 
W[‘4,,I(X) = PA,.(f (x>) = a’, 
which is not open in (X, Fm) since ci > 01. Consequently, no function from 
(X, YJ onto (X, rat) is continuous. In particular, they cannot be 
F-equivalent. 
5. OTHER KINDS OF COMPACTNESS 
We shall follow the definitions of convergence and clustering as introduced 
in [2], and shall extend the concepts of sequential compactness and semi- 
compactness accordingly. Unfortunately, such extensions are not very useful, 
showing some of the departures of general and fuzzy topologies. 
DEFINITION 5.1. A sequence of fuzzy sets, say (A,}, n = 1,2 ,..., is said 
to converge to a fuzzy set A iff for every open fuzzy set 0 containing A, there 
exists an integer m such that for all n 3 m, A, is contained in 0. 
DEFINITION 5.2. A fuzzy set A is said to be a cluster fuzzy set of a 
sequence of fuzzy sets {A,}, n = 1, 2 ,..., iff for every open fuzzy set 0 con- 
taining A and every integer m there exists n > m such that A, is contained 
in 0. 
DEFINITION 5.3. A fts (X, Y) . is se q uentially compact iff every sequence 
of fuzzy sets has a convergent subsequence. 
DEFINITION 5.4. A fts (X, 9) is semicompact iff every sequence of fuzzy 
sets has a cluster fuzzy set. 
THEOREM 5.1. Every sequence of fuzzy sets {A,}, n = 1, 2,..., has a limit, 
which may not be unique. Consequently, every fts is both sequentially compact 
and semicompact. 
Proof. Let A be the fuzzy set defined by A = Un A, , then A,, converges 
to A because any open set containing A will contain all A, , n = 1, 2,.... 
Furthermore, any fuzzy set containing A is also a limit of (A,). 
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From this theorem, one sees that new concepts of convergence and 
clustering are needed in order to develop the theory further in this direction. 
Once this is successfully done, one can envision a much richer theory of fuzzy 
topology which will be significantly different from that of general topology. 
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